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1. INTRODUCTION 
The i r r ad ia t ion of a nuclear fuel causes impor tant and complex changes in its 
isotopie composi t ion, namely: 
- depletion of the isotopes of uranium initially p re sen t (and, where 
appl icable , of plutonium); 
oo / 23 9 
- bui ld-up of ar t i f ic ia l isotopes of heavy e lements ( e . g . U, Pu, 
240^ 241 2 4 2 ^ , 
Pu, Pu, Pu); 
- bui ld-up of f ission p r o d u c t s . 
These changes a re often co r re l a t ed to each other in very simple manner ; in many 
ins t ances , the re la t ionship represen t ing the cor re la t ion occurs to be a simple 
proport ional i ty between depletion and bui ld-up of se lected groups of isotopes; in 
other c a s e s , its r egu la r form allows a simple analyt ical r ep re sen t a t i on . 
Normal ly , each cor re la t ion is influenced to a cer ta in extent , by the main charac te r -
i s t ics of the core and by the behaviour of the r e a c t o r . However , since a cer ta in 
number of corre la t ions can be exp re s sed in very simple analyt ical f o r m s , and 
depend on few reac to r p a r a m e t e r s through well known re la t ionsh ips , it is c lear 
how they can constitute a valid a l ternat ive to the exper imenta l de terminat ion of the 
quantity of some isotopes; in fact, whenever the d i rec t m e a s u r e m e n t is difficult 
or impossible or unre l iab le , the use of a suitable cor re la t ion enables to deduce the 
quantity of these isotopes from the concentrat ions of other isotopes that a re more 
easi ly m e a s u r e d . 
The cor re la t ion technique was express ly developed to satisfy this r equ i rement , 
pa r t i cu la r ly in the field of f issi le m a t e r i a l safeguards; at p resen t this technique 
is also considered for application to problems concerning reac to r operat ion and 
fuel r e p r o c e s s i n g . Many applications can be cited, especial ly those made in the 
U . S . A . (ref. 4 - 5 - 7 - 8 - 9 - 1 0 ) . 
■8-
The pos t ­ i r r ad ia t ion analys is of pellet size samples of spent fuel from different 
r eac to r s provided the f i r s t bas i s for the es tab l i shment of the cor re la t ion technique. 
Consequently, input accountabili ty batch data at the r ep roces s ing plant were the 
subject of detailed cor re la t ion s tud ie s . 
After having gained espe'rience on empi r i ca l co r re l a t ions obtained by means of 
exper imenta l data, the necess i ty was felt to make a theore t ica l analys is so as t o 
be t te r unders tand and value the influence of r eac to r p a r a m e t e r s on the co r r e l a t i ons , 
and to extrapolate them to wider i r r ad ia t ion r a n g e s . 
The scope of the p resen t paper is to de te rmine the influence of the var ious p a r a ­
m e t e r s of the r eac to r on the cor re la t ions be tween heavy iso topes ; compar i son 
with available exper imenta l data has a lso been m a d e . 
2 . GENERAL 
The theore t ica l study of the cor re la t ions between isotopes of u ran ium and 
plutonium was per formed on i r r ad ia t ed fuels of light water r e a c t o r s ; both 
PWR's and BWR's were cons ide red . The study has been based on the analys is 
of the fuel h is tory of a single cell ; the re fore , the co r re l a t ions obtained re fe r 
to sma l l port ions of fuel, that is they a r e "point co r r e l a t i ons " ; in many cases 
these "point c o r r e l a t i o n s " a r e a l so valid for the bulk of a fuel c h a r g e . 
The calculat ions were c a r r i e d out by the use of the cell b u r n - u p code LASER 
( r e f . l ) which can take into account the neutron spec t rum var ia t ions during the 
i r r ad ia t ion of the fuel . 
The evolution of the isotopie composit ion of the fuel is influenced by var ious 
p a r a m e t e r s , of which we have considered the following ones : 
- init ial en r ichment of the fuel 
- modera t ion ra t io 
- cladding m a t e r i a l 
- react iv i ty control method . 
In the course of the study, these p a r a m e t e r s were var ied in a r a the r wide range 
in o rde r to examine their influence on the co r re l a t ions ; the r e su l t s thus obtained 
enable to unders tand the differences in the isotopie composit ion of fuel pel le ts 
taken form different posit ions of the a s sembly , or from different a s s e m b l i e s of 
fuel cha rge , s imi l a r l y , these r e su l t s enable to evaluate the changes in the corre la-
tions when fuel charges of d i f ferent c h a r a c t e r i s t i c s a re cons ide red . 
As r e g a r d s PW r e a c t o r s , a s e r i e s of bu rn -up calculat ions was made , by varying 
some of the above p a r a m e t e r s in such a way as to cover a wide range of possible 
la t t i ces ; the la t t ices of the s tandard r e a c t o r s now buil t a r e eas i ly within the 
l imits of the a s s u m e d v a r i a b i l i t i e s . 
- Ι Ο -
The la t t ices studied have the following c h a r a c t e r i s t i c s : 
U0„ - fuel 
- fuel pellet d iamete r 
- cladding th ickness 
- cladding m a t e r i a l 
- fuel density 
- init ial enr ichment 
- modera t ion ra t io 
- fuel t empera tu re 
- modera to r t empera tu re 
- mode ra to r density 
0.932 cm 
0.035 cm (SS) / 0.065 cm (Zr) 
Zi r c a l o y / s t a i n l e s s s tee l 
3 10.3 g / c m (94% of theore t ica l value) 
2 w /o , 3 w / o , 4 w / o 
1.2, 1.64, 2 .2 
667°C 
285°C 
0 .74 g / c m 
F o r each type of cladding m a t e r i a l nine cases were examined, obtained by 
coupling the three init ial enr ichment values and the three modera t ion ra t io values 
in all possible ways; the se t of nine cases r e fe r r ing to the Zi rca loy clad fuel was 
calculated by simulat ing two different react ivi ty control me thods , that i s : 
a) neutron leakage from the cell 
b) poison (boron) diluted in the m o d e r a t o r . 
The set of nine cases r e f e r r ing to the s ta in less s teel clad fuel was calculated by 
simulat ing only the f i r s t type of react ivi ty con t ro l . 
With the r e su l t s of the calculat ions re la t ing to the PW r e a c t o r s , a thorough 
invest igat ion was made on the way in which the cor re la t ions depend on the init ial 
en r i chment , the modera t ion r a t i o , the cladding m a t e r i a l and the control method . 
A compar i son was made between our resu l t s and the exper imenta l data obtained 
from the analysis of the i r r ad ia t ed fuels of the TRINO VERCELLESE and YANKEE 
ROWE r e a c t o r s (ref. 2 -3 ) . 
The study of BW r e a c t o r s has so far been l imited to the examinat ion of only five 
c a s e s , the c h a r a c t e r i s t i c s of which a r e desc r ibed in Table 1; 
I I -
Table 1 
C a s e 
1 
2 
3 
4 
5 
I n i t i a l 
E n r i c h m e n t 
(w/o) 
2 . 5 
2 . 5 
2 . 5 
1.5 
1.5 
V o l . H 2 0 
Vol .UO 
2 . 6 
2 . 6 
2 . 6 
2 . 1 
2 . 1 
C ladd ing 
M a t e r i a l 
SS 
Z r 
SS 
Z r 
Z r 
Voids 
in the 
M o d e r a t o r 
2 0% 
20% 
0 
20% 
0 
F u e l 
P e l l e t 
D i a m e t e r 
(in Γ) 
0 . 4 
0 . 4 
0 . 4 
0 . 4 9 8 
0 . 4 9 8 
the l a t t i c e p a r a m e t e r s of t h e s e c a s e s w e r e c h o s e n so a s to r e f l e c t the 
c h a r a c t e r i s t i c s of the D R E S D E N I and H U M B O L D T BAY r e a c t o r s , s i n c e the 
g r e a t e s t p a r t of the e x p e r i m e n t a l d a t a a v a i l a b l e to us fo r c o m p a r i s o n , c o n c e r n s 
the fuel coming f r o m t h e s e two p l a n t s ( r e f . 4 - 5 ) . 
In bo th c a s e s the s tudy w a s e x t e n d e d to a wide i r r a d i a t i o n r a n g e ( 0 - 3 0 , 0 0 0 
M w d / t U ) . 
- Ι 2 · 
3 . TYPES OF CORRELATIONS ANALYSED AND GENERAL CONCLUSIONS 
In the course of our analys is we have cons idered expecial ly those cor re la t ions 
which have a l ready been evidenced by var ious au thors ; we have given pa r t i cu l a r 
attention to those present ing an accentuated l inear behaviour; in fact , they a r e 
of g rea t i n t e r e s t since they a r e s imple in form and can be easi ly exp res sed 
analyt ical ly , with an evident advantage in thei r p r ac t i ca l use ; as a r e su l t of th i s , 
a more complete study has been made on the cor re la t ions having a l inear behaviour , 
The study of each co r re la t ion includes to phase s : 
- the f i r s t phase covers the de terminat ion of the form of the function; in the 
case of marked l inear i ty , the calculated points were fitted with a s t ra igh t l ine; 
e r r o r s caused by the substi tut ion of the fitted line to the ac tual points , were 
calculated; 
- the s e c o n d p h a s e c o v e r s the d e t e r m i n a t i o n of the d e p e n d e n c e of the c o r r e l a t i o n 
f r o m the d i f f e r e n t r e a c t o r p a r a m e t e r s ; when th i s d e p e n d e n c e i s s e n s i b l y l i n e a r , 
a n a l y t i c a l e x p r e s s i o n of the c o r r e l a t i o n a s a func t ion of the i n i t i a l e n r i c h m e n t 
and the m o d e r a t i o n r a t i o , h a s b e e n g i v e n . 
The c o r r e l a t i o n s a n a l y s e d w e r e d iv ided in to t h r e e g r o u p s : 
a) c o r r e l a t i o n s a m o n g i s o t o p e s of u r a n i u m 
23 6 τ τ / 2 3 8 τ τ 235TT 
U / U v e r s u s d e p l e t i o n of U 
23 6T T /23 8TT 235 T T / 23 8TT 
U / U v e r s u s U / U 
23 6 / 2 3 5 . . 236 T T / 23 8TT 
U/ U v e r s u s U / U 
Al l the q u a n t i t i e s a r e e x p r e s s e d by w e i g h t . 
The a n a l y s e s have shown t h a t the f i r s t two c o r r e l a t i o n s a r e de f in i t e ly l i n e a r in 
the whole i r r a i d a t i o n r a n g e e x a m i n e d ( f i g s . 1 ,7); t h i s c o n f i r m s the c o n c l u s i o n s 
Ι 3 · 
of the exper imen t s ; the re la t ive differences between the actual curve and the 
fitting s t ra igh t l ine , a r e lower than 1.5%. 
The thi rd co r re la t ion is not l inear (fig.5), but nonetheless has a very regular 
form which can be well r ep re sen t ed by a pa rabo la . 
The cladding m a t e r i a l and the react iv i ty control method have little influence 
on these cor re la t ions (see pa ragraph 4 .1 and 4 . 2 ) . 
The init ial enr ichment and the modera t ion ra t io great ly influence, especia l ly 
the f i r s t , a l l three co r r e l a t i ons , thorough investigation was made so as to 
de te rmine the dependence f rom the cited f a c t o r s . The r e su l t s a r e se t out in 
detai l in p a r a g r a p h 4 .1 and 4 . 2 . 
All th ree calculated cor re la t ions agree with the exper imenta l r e s u l t s ; the 
compar i son was made with the data obtained from the analys is of the i r r ad ia ted 
fuel of the r e a c t o r s : DRESDEN I, HUMBOLDT BAY, YANKEE ROWE and 
TRINO VERCELLESE; the differences between calcula tes r e su l t s and expe r i ­
menta l data a r e l imited to a few percen t ( f igs .4 , 6, 9). 
b) co r re la t ions between Pu/U ra t io and the isotopes of u ran ium 
One of the mos t impor tant c o r r e l a t i o n s , which has been taken into cons idera ­
tion by the s tudies so far made , is that which re l a t e s the plutonium accumulated 
235 
during i r r ad ia t ion to the depletion of U, that i s : 
235 Pu/U v e r s u s Depletion of U 
where : 
Pu = quantity of plutonium (by weight) 
U = quantity of u ran ium (by weight) 
-14 . 
The theore t ica l analys is of the cor re la t ion confirmed the l inear i ty (f igs. 10, 11 , 
12) a l ready asce r t a ined by the use of exper imenta l data; the e r r o r s made by 
substituting over a wide i r r ad ia t ion range (0 - 30,000 Mwd/tU) the ac tual curve 
with a s t ra ight line a r e lower than 1.5% - 2%; obviously, rect i f icat ion of the 
curve over a more r e s t r i c t e d range (in the usual d i scharge l imi ts of the fuel, 
i . e . 15,000 - 20,000 Mwd/tU), causes the e r r o r to d e c r e a s e down to few per 
m i l . 
The cor re la t ion great ly depends f rom the init ial en r i chment and the modera t ion 
rat io and a lso the react iv i ty control method has a r e m a r k a b l e influence on the 
cor re la t ion behaviour; cladding m a t e r i a l has li t t le influence on this co r r e l a t i on . 
The re su l t s a r e se t out in deta i l in pa rag raph 4 .3 and 5 . 
F o r the PW r e a c t o r s the compar i son with the exper imenta l data gave sa t i s fac tory 
r e s u l t s . F o r the BW r e a c t o r s the compar i son p resen ted some difficulties as in 
some cases appreciable differences were found; a poss ible explanation for this 
fact is given in pa rag raph 5 . 
c) cor re la t ions between Pu/U ra t io and the isotopes of plutonium 
Many cor re la t ions come within this category as there is a number of p a r a m e t e r s 
whi 
242 
239 240 241 
which can be formed with the bas i c isotopes of plutonium ( Pu, Pu , Pu, 
Pu) . The invest igat ion, so far made on a considerable number of c o r r e l a t i o n s , 
led to the as cer ta inement of an accentuated and i r r e g u l a r var iabi l i ty with the 
different p a r a m e t e r s of the r e a c t o r , especia l ly with the react iv i ty control method; 
this has so far prevented us f rom descr ib ing with sufficient p rec i s ion the depend-
ence of the cor re la t ion f rom these p a r a m e t e r s . 
The re su l t s a r e set out in detai l in pa rag raph 4 . 4 . 
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4 . D E S C R I P T I O N OF THE C H A R A C T E R I S T I C S O F THE C O R R E L A T I O N S ( P W R ' s ) 
236 ,238 235 
4 . 1 . U / U v e r s u s d e p l e t i o n of U 
4 . 1 . 1 . G e n e r a l 
235 The d e p l e t i o n of U can be e x p r e s s e d in two d i f f e r en t f o r m s , t ha t i s : 
D_ = 
235 235TT 
U(o) - U 
5 2 3 5 U(o) 
d = χ (o) - χ 
5 
where : 
U (o) = quantity of U in non i r r ad i a t ed fuel (by weight) 
o o r "? _ C 
U = quantity of U in i r r ad ia ted fuel (by weight) 
U = quantity of U accumulated during i r rad ia t ion (by weight) 
o o o y^t ft 
U = quantity of U in i r r ad ia t ed fuel (by weight) 
x (o) = initial fuel enr ichment (w/o) 
x = fuel enr ichment after i r rad ia t ion (w/o) 
4 . 1 . 2 . Analysis of the cor re la t ion 
The bas ic cha rac t e r i s t i c of the cor re la t ion is the l inear i ty ( f ig . l ) , whether the 
235 depletion of U is exp res sed with the p a r a m e t e r D or with d . The co r re l a t ions 
can therefore be wri t ten as follows: 
236 
Ρ D. 23 8u 5 
- I 6 -
2 3 6 " 
Coefficients Ρ and ρ, r e p r e s e n t the slope of the fitting s t ra ight line de te rmined 
over an i r rad ia t ion range from 0 to 30,000 Mwd/tU; the re la t ive differences 
between the actual curve and the s t ra ight line a re general ly not higher than 2%. 
If the rect if icat ion is made over a more r e s t r i c t e d r ange , the deviation can be 
as low as few per m i l l . 
4 . 1 . 3 . Analysis of slopes Ρ and ρ 
The slopes of the co r re l a t ion , defined in pa rag raph 4 . 1 . 2 . , a r e e x p r e s s e d as 
follows: 
2 3 6 u / 2 3 8 u 
D 5 
2 3 6 U / 2 3 8 U 
They depend on seve ra l p a r a m e t e r s of the la t t i ce , of which the following ones 
have been analyzed: 
- initial fuel enr ichment 
- moderat ion ra t io (vol. Η O/vol. U0 ) 
- cladding ma te r i a l 
- cel l r e ac t i v i t y control method 
The ratios Ρ and ρ a r e mainly influenced by the modera t ion ra t io and the init ial 
enrichment ( f igs. 2 ,3) ; the dependence f rom the two p a r a m e t e r s is pa rabo l ic , but , 
in the second case the parabola has a very smal l cu rva tu re , so that it is possible 
to substitute it with a s t ra ight l ine, with e r r o r s not g r e a t e r than l% fo r Ρ and 
0 .5% for p . 
Ι 7 · 
In both c a s e s , it was found that the cell react iv i ty control method has not much 
influence on the co r r e l a t i on . 
In fact, two s e r i e s of calculat ions were made simulating two different control 
methods , one by diluting boron in the mode ra to r and the other by allowing leakage 
of neutrons f rom the ce l l . The curves re la t ing to the two control sy s t ems differs 
slightly; therefore the mean curve was adopted as being r ep resen ta t ive of every 
control s i tuat ion. 
In f igs . 2 and 3 a re shown ra t ios Ρ and ρ for the two control methods me ntioned; 
it can be observed that the mean curve differs f rom the two c a s e s by about 1 . 5 % . 
It should be born in mind that the two react ivi ty control methods cons idered , 
r e p r e s e n t two ex t reme hypotheses that cor respond to r e a l s i tuat ions only in a 
few very pa r t i cu l a r cases (for example , react iv i ty control by neutron leakage 
takes place only in those zones of boiling water r e a c t o r s having high vo ids ) . In 
fact, the react iv i ty control of a cell co r responds to a combined act ion of neutron 
leakage and local absorpt ion of neut rons ; therefore it can be reasonably a s sumed 
that the co r re l a t ion concerning the fuel of a r e a c t o r is r ep re sen t ed , with a good 
p rec i s ion , by the previous defined mean c u r v e . 
Concer¡ritig the influence of cladding m a t e r i a l , it was found that the use of 
s ta in less s tee l in place of Zircaloy causes an inc rease in the values of Ρ and ρ 
in the o rde r of 1.5% ­ 1.8%. 
The analyt ical express ion of the cor re la t ions for the average control s y s t e m (as 
defined above) and for Zircaloy cladding a r e : 
2 3 6 U ­ 2 
—J± = [ ( 0 . 1 4 4 3 9 · x ­ 0 . 1 0 2 7 8 ) MR ­ ( 0 . 7 8 3 9 6 * χ ­ 0 . 63734) MR + 
2 3 8 U 3 
+ ( 3 . 1 4 8 8 χ ­ 1.73 68 ) ] · 10" · D 5 
Ι 8 · 
2 3 6U 2 
— ^ - = I (0.11794 « χ + 0.78800 ) MR - (0.8020 χ + 3.5151 ) MR + 
U 
+ (2.4056 χ + 1 8 . 9 4 4 ) ] · 1 θ " · dc 
MR is the modera t ion r a t i o . 
4 . 1 . 4 . Compar ison with exper imenta l data 
236 The co r re la t ion is based on the amount of U formed during i r r ad ia t ion , to the 
236 exclus ion, the re fo re , of the U initially p re sen t in the fuel; p rac t i ce has shown 
that the g r e a t e r p a r t of the fuel used in the LW r e a c t o r s contains a ce r t a in amount 
of i t . In o rde r to be able to compare the exper imenta l data with the ca lcula t ions , 
it was n e c e s s a r y to subt rac t f rom the m e a s u r e d amount , the res idua l quantity of 
236 236 
the init ial U: the r e su l t r e p r e s e n t s the quantity of U formed during the cycle 
examined . The method used for the co r r ec t ion of the exper imenta l data is set out 
in the appendix. 
Compar i sons were made with exper imen ta l data concerning the fuel of TRINO and 
YANKEE r e a c t o r s , i . e . : 
a) data obtained from the analysis of fuel pel le ts f rom 3 a s s e m b l i e s 
of the f i r s t core of TRINO r e a c t o r , with en r i chments of 2.72 w / o , 
3 .13 w/o and 3 .9 w/o ; s ta in less s tee l cladding; the init ial content of 
U (ref .2) is not known; 
b) data obtained from the input analyses at the r ep rocess ing plant for 
the fuel of the YANKEE reac to r , core V (enr ichment 4 . 1 w/o) , core 
VI (enr ichment 4 . 9 w/o) and core VII (enr ichment 4 .93 w/o) ; s ta in-
236 less s tee l cladding; the init ial content of U is only known for 
core VII (0.05 64 w/o) (ref. 3 , 4) . 
236 When unknown, the init ial quantity of U was es t imated as desc r ibed in the 
appendix; the r e su l t s a re the following ones: 
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R e a c t o r 
TRINO V E R C E L L E S E 
Y A N K E E ROWE 
In i t i a l e n r i c h m e n t 
2 . 7 2 
3 . 1 3 
3 . 9 
4 . 1 
4 . 9 
2 3 6 u ■ , 
jr-Tj— e s t i m a t e d 
U (w/oo) 
0 . 4 3 
0 . 4 3 
0 . 5 3 
0 . 4 3 
' 0 . 4 8 
F i g . 4 s h o w s the c a l c u l a t e d c u r v e s of Ρ r e l a t i v e to s t a i n l e s s s t e e l c l ad fue l , 
, 2 3 6 ,238 , , and the e x p e r i m e n t a l v a l u e s of the r a t i o ( U / U ) / D ; w h e r e s e v e r a l d a t a 5 
a r e a v a i l a b l e for a s ing le fuel t y p e , only the v a r i a b i l i t y r a n g e of th i s r a t i o i s 
i n d i c a t e d ( s ee a l s o Table 2 ) . The s l o p e s Ρ of the c o r r e l a t i o n s o b t a i n e d f i t t ing 
the e x p e r i m e n t a l p o i n t s , c o r e by c o r e , a r e a l s o r e p o r t e d in T a b l e 2 . 
R e a c t o r 
T r i n o 
Y anke e 
I n i t i a l 
e n r i c h m e n t 
(w/o) 
2 . 7 2 
3 . 1 3 
3 . 9 
4 .1 
4 . 9 
4 . 9 3 
23 6 U 
( oo o ) A^e e x p e r i m e n t a l 23 8 U 5 
M i n . 
4 . 6 0 . I O " 3 
5 . 2 8 . I O " 3 
7 . 6 1 . I O " 3 
7 . 5 5 . I O " 3 
9 . 9 7 . I O " 3 
9 . 6 6 . I O " 3 
M a x . 
5 . 2 0 . I O " 3 
6 . 4 2 . I O " 3 
8.03 . I O " 3 
7 . 7 8 . I O " 3 
1 0 . 1 3 . I O " 3 
9 . 8 4 . I O " 3 
fit of 
e x p e r i m e n t a l 
p o i n t s 
4 . 8 4 . 
5 . 7 8 . 
7 . 8 1 . 
7 . 6 5 . 
10 .04 . 
9 . 7 5 . 
i o " 3 
i o " 3 
i o " 3 
i o " 3 
i o" 3 
i o " 3 
Table 2 
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4.1.5. Conclusions 
The correlations are linear and mainly dependent on the initial enrichment; they 
also depend on the moderation ratio and, in a lesser degree, on the cladding 
material and the reactivity control system. 
This agreement with some measurements is due, most probably, to the fact that 
they refer to fuels irradiated in peripheral zones of the core and, therefore, 
subject to a perturbed neutron spectrum. 
M6„ 235 u 
4 · 2 · 238^ v e r s u s 2 Τ ζ 
4 . 2 . 1 . A n a l y s i s of the c o r r e l a t i o n 
The c o r r e l a t i o n , shown in f i g . 7, i s l i n e a r and can be e x p r e s s e d a s f o l l o w s : 
236TT 235 235TT 235TT 
Η = Ρ Γ U (°) Η ] = Ρ Δ ( Η) 
2 3 8U 2 3 8U(o) 238U " V 
The symbols indicate the quantity by weight of each isotope; symbol (o) indicates 
that the quantity considered refers to non irradiated fuel. 
Coefficient Ρ represents the absolute value of the slope of the straight line fitting 
the calculated points of the correlation over an irradiation range from 0 to 30,000 
Mwd/tU; maximum differences between the actual curve and the straight line are 
in the order of 2%. 
All correlations relating to fuels having the same initial enrichment, intercept 
the axis of the abscissa at the same point, corresponding to the initial value of 
235 23 8 
ratio U/ U; the other parameters causes the straight line representing the 
correlation to rotate very slightly around this point; this limited influence of other 
parameters can be useful for certain applications of the correlation. 
- 2 1 
4 . 2 . 2 . Analysis of slope Ρ 
The absolute value of the slope of the cor re la t ion can be e x p r e s s e d as follows: 
Ρ = 
2 3 6 u / 2 3 8 u 
A ( 2 3 5 U / 2 3 8 U ) 
Slope Ρ mainly depends on the init ial enr ichment and on the modera t ion ra t io 
(fig. 8); the cell react ivi ty control method does not have much influence on the 
ra t io examined; a lso in this c a se , as a l ready d iscussed in pa rag raph 4 . 1 . 3 . , 
the mean cor re la t ion amongst those relat ing to the two ex t r eme control methods , 
can be cons idered as r ep resen ta t ive of each r ea l s i tuat ion. The cladding m a t e r i a l 
does not have much influence; it was in effect found that the use of s ta in less s teel 
cladding causes a 2 . 3 % average inc rease in P , with r e spec t to the use of a 
Zi rca loy c ladding. 
The dependence of Ρ from the init ial enr ichment can be well r ep re sen ted by a 
s t ra ight line; the express ion is the following one (mean c o n t r o l sys tem) : 
Ρ = a χ + b 
Coefficient a depends in a l inear manner on the modera t ion ra t io , whereas b 
depends on the same p a r a m e t e r with a parabol ic l aw. 
The analyt ical express ion of the cor re la t ion for a Zircaloy clad fuel and for the 
mean control sys tem is therefore : 
2 3 6U 2 
= [ (- 0.003235 MR + 0.016347 ) χ + ( 0.012328 MR 2 3 8U 
0.052125 MR + 0 .20131 ) ] * A ( 2 3 5 U / 2 3 8 U ) 
4 . 2 . 3 . Compar ison with exper imenta l data 
o o / ?oft 7 3 ^ 2 3 8 
Values of the ra t io ( U / υ ) / Δ ( υ / U) were der ived from exper imenta l 
data originated by the analys is of TRINO and YANKEE fuels; the exper imenta l 
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23 6 values of U were co r rec ted to account for the init ial quantity, according to 
the method descr ibed in appendix. 
The following table shows the min imum and the max imum values of the ra t io 
for each group of m e a s u r e m e n t s r e fe r r ing to the same c o r e . 
F o r each c o r e , a lso the cor re la t ion obtained by fitting the exper imenta l points 
was determined; the corresponding values of Ρ a r e repor ted in the following 
Table . 
Reactor 
Trino 
Yankee 
Initial 
enr ichment 
(w/o) 
2 .72 
3.13 
3.90 
4 .1 
4 .9 
4 .93 
236u / '("S 
23 8 ' " v 2 3 8 ' 
exper imenta l Min. 
0.166 
0.167 
0.191 
0.190 
0.210 
0.189 
Max. 
0.189 
0.202 
0.201 
0.196 
0.214 
0.193 
F i t of 
expe r imen ta l 
points 
0.172 
0.181 
0.195 
0.193 
0.212 
0.191 
F i g . 9 shows the dependence of Ρ on the init ial en r ichment and the modera t ion 
ra t io , for a s ta in less s tee l clad fuel; the var iabi l i ty range of the exper imen ta l 
23fi 23 8 235 238 
values of the ra t io ( U / U) /Δ ( U / U) for each c o r e , is a l so r ep resen ted 
4 . 2 . 4 . Conclusions 
The cor re la t ion is l inear on a wide i r rad ia t ion range (0-30,000 Mwd/tU); it 
depends on the init ial enr ichment , the modera t ion rat io and, to a l e s s e r d e g r e e , 
on the type of cladding used and the react iv i ty control method . A compar i son with 
the experimental data gave satisfactory r e s u l t s . 
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4 . 3 . — v e r s u s U depletion 
4 . 3 . 1 . Genera l 
TU 235 
ine U depletion has been exp re s sed in two different f o r m s , i . e . by p a r a m e t e r s 
D and d previously defined in pa ragraph 4 . 1 . 1 . ; the other symbols indicate: 
Pu = quantity of plutonium (sum of isotopes Pu, Pu, 
241 242 
Pu, Pu) accumulated during i r r ad ia t ion (by weight) 
235 
U = quantity of u ran ium p resen t after i r r ad ia t ion ( U plus 
236 23 8 . 
U plus U), by weight . 
4 . 3 . 2 . Analysis of the cor re la t ion 
235 The cor re la t ion is l inear in e i ther of the two forms in which the U depletion 
is e x p r e s s e d (f igs. 10, 11, 12); i n fact, the differences between the actual 
calculated points and the fitting s t ra ight line do not genera l ly exceed 2%; rectifica­
tion was made on a wide i r rad ia t ion range (0­30,000 Mwd/tU) . It can be noted in 
f igs . 10, 11 and 12 that the cel l react iv i ty control method grea t ly influences the 
format ion of plutonium, this fact is common to al l the cor re la t ions in which 
isotopes of plutonium a re r ep re sen t ed , and causes some difficult ies in the 
analysis of the c o r r e l a t i o n s . 
4 . 3 . 3 . Analysis of ra t ios Ρ and ρ (slope of the corre la t ion) 
The slopes of the cor re la t ions a re r ep resen ted by the following r a t i o s : 
Ρ ­ P u / U 
" D 5 
Pu/U 
p = ~d— 
5 
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The dependence on the init ial enr ichment , on the modera t ion ra t io and on the 
react ivi ty control method is shown in f igs . 13 and 14. 
Ratio Ρ is an increas ing l inear function of the init ial en r ichment whereas ra t io ρ 
d e c r e a s e s according to a parabol ic law; in both cases the dependence is s t r o n g . 
Also the moderat ion ra t io great ly influences Ρ and p . 
The use of s ta in less s tee l cladding in place of Zi rca loy cladding causes an 
inc rease of the slope of 4% in both c a s e s . 
The dependence of Ρ and ρ on the cell r e a c t i v i t y control method was a lso ana-
ι 
lyzed . The differences caused by the use of e i ther of the two control sy s t ems a r e 
g rea t and depend on the ini t ial en r ichment (f igs . 13, 14); the Pu /U ra t io c o r r e s ­
ponding to control by poison in water is always higher than in case of control by 
neutron leakage; the re la t ive difference i n c r e a s e s f rom 4% to 18% when the 
enr ichment i nc r ea se s f rom 2% to 4%. Fox this co r re l a t ion , the re fo re , the control 
sys t em is a p a r a m e t e r which mus t be taken into account; it is always possible to 
use the mean values of Ρ and ρ between the two control methods (index m) , 
bear ing however in mind that they a r e r a the r s trongly affected by the uncer ta inty 
A due to the effective control s i tuation, as se t out below: 
% / D 5 . < - $ / D 5 ) m ( l + A > 
The maximum value of the uncer ta inty A can be calculated as a function of the 
init ial enr ichment by means of the following express ion : 
A = 0.025 χ - 0.025 
As mentioned in § 4 . 1 . 3 . , the l imi ts of uncer ta inty can be r e s t r i c t e d when 
considering the effective react ivi ty control sys t em of a r e a c t o r ; in fact it is 
very improbable that, at l e a s t for the mos t common r e a c t o r types , the control 
completely coincides with only one of the two ex t reme si tuat ions examined . 
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Considering that it is not possible to specify the control method used by each 
type of r e a c t o r , our analys is was per formed on the mean slopes Ρ and ρ ; 
m ^m 
on the bas i s of the preceeding considera t ions we have supposed that they can 
r e p r e s e n t with sufficient approximat ion the r e a l c a s e s . 
The mean slope Ρ can be exp re s sed a s : 
m 
Ρ = ax + b m 
where χ is the init ial enr ichment (w/o) and a and b a re two coefficients depending 
on the modera t ion ra t io according to a parabol ic law. The a n a l y t i c a l express ion 
of the co r re l a t ion for Zi rca loy clad fuel i s : 
Pu/U = [ (0.023913 χ + 0.32586) MR2 - (0 .19450x + 1.3961)MR + 
+ (0.54877 χ +1 .9872) ] · 10" 2 · D c 
5 
4 . 3 . 4 . Compar i son with exper imen ta l data 
Values of the ra t io (Pu /U) /D were der ived f rom the exper imenta l data originated 
5 
by the analys is of TRINO and YANKEE fue l s . 
The following table shows the min imum and the maximum values of the ra t io 
for each group of m e a s u r e m e n t s r e fe r r ing to the same c o r e . 
F o r each c o r e , a lso the co r re la t ion obtained by fitting the exper imen ta l points 
was de termined; the corresponding values of Ρ a re repor ted in the following 
Table . 
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Table : 
Reactor 
Trino 
Yankee 
Initial Enr ichment 
(w/o) 
2 .72 
3.13 
3.90 
4 . 1 
4 . 9 
4.93 
( P u / U ) / D 5 
exper imenta l 
Min. 
0.0137 
0.0139 
0.0147 
0.0199 
0.0218 
0.0229 
Max. 
0.0165 
0.0168 
0.0179 
0.0205 
0.0230 
0.0235 
fit of 
exper imenta l 
points 
0.0144 
0.0154 
0.0170 
0.0202 
0.0224 
0.0232 
F i g . 15 shows the theore t ica l dependence of Ρ on the ini t ial en r ichment and the 
moderat ing r a t io , for a s ta in less s tee l clad fuel; the var iabi l i ty range of the 
exper imenta l values of the ra t io (Pu /U) /D for each co re , is a l so r e p r e s e n t e d . 
The agreement is sa t i s f ac to ry . 
4 . 3 . 5 . Conclusions 
The cor re la t ion is l inear and great ly depends on the initial en r i chment , on the 
modera t ion ra t io and on the react iv i ty control method; the cladding m a t e r i a l has 
a more modes t inf luence. Agreement wi th exper imenta l data can be considered 
as sa t i s fac to ry . 
4 . 4 . Corre la t ions between isotopes of plutonium 
A par t i a l invest igat ion was made on a ce r ta in number of co r re l a t ions concerning 
fuels of both PW and BW r e a c t o r s . The cor re la t ions which have been considered 
a r e : 
, 240 ,23 9 
- Pu/U v e r s u s P u / Pu 
TO, /TT 2 4 2 0 / 2 3 9 T O 
- Pu/U ve r sus P u / Pu 
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, 241 ,239 
- Pu/U v e r s u s P u / Pu 
, 242 ,240 
- Pu/U v e r s u s P u / Pu 
242 ,240 240 ,23 9 
Pu / Pu v e r s u s P u / Pu 
- Pu/U v e r s u s ( 2 4 1 P u / 3 8 U ) / ( 2 4 ° P u / 2 3 9 P u ) 
- P u / U ( 2 4 ° P u / 2 3 9 P u ) / ( 2 4 1 P u / 2 3 8 U ) v e r s u s ( 2 4 2 P u / 2 4 0 P u ) / ( 2 4 1 P u / 2 3 9 P u ) 
242 2 3 9 ^ 
TD /ττ Pu « Pu 
- Pu/U v e r s u s = 
( 2 4 0 P U ) 
Of all the co r re l a t ions examined, the only one decidedly l inear is 
pu 2 4 2 Pu . 2 3 9 P „ 
v e r s u s 
U 
previously cons idered by var ious authors (ref. 4 and 5 ) . 
The calculated points can be fitted by a s t ra ight line on an i r r ad ia t ion range from 
5,000 to 30,000 Mwd/tU, with deviat ions in the o rde r of 1.5%-3%; the cor re la t ion 
is slighflydependent on the modera t ion ra t io ( therefore on the quantity of voids 
in the case of BWR's) and on the cell react iv i ty control method u s e d . 
The other c o r r e l a t i o n s , even though of a regula r form, cannot be substi tuted by 
a s t ra igh t l ine, and in addition, depend in a r a the r i r r e g u l a r manner on the 
var ious p a r a m e t e r s of the r e a c t o r (f igs. 18 through 27). 
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5 . ANALYSIS OF THE CORRELATIONS FOR BW REACTORS 
As a l ready mentioned, six BWR la t t ices were examined, the c h a r a c t e r i s t i c s 
of which a r e shown in Table 1. The r e su l t s of the calculat ions were compared 
to the exper imenta l data (ref. 4 , 5) concerning the fuels i r r ad i a t ed in the 
HUMBOLDT BAY and DRESDEN I r e a c t o r s (whose la t t ices a r e ve ry s i m i l a r 
to those s tudied) . The analys is of l inear i ty gave the same r e su l t s as in the 
case of the P W R ' s . 
The r e su l t s of this invest igat ion can be summed up as follows: 
- in the case of co r re l a t ions between the isotopes of u ran ium (fig. 15), the 
influence of the p re sence of voids in the mode ra to r is ve ry l imi ted , the 
compar i son with the exper imenta l data can be cons idered as sa t i s fac tory; it 
is to be pointed out that the difference between the exper imenta l r e su l t s of 
HUMBOLDT BAY and the theore t i ca l ones is due to a sl ight difference in the 
init ial en r ichments (2 .6 w /o actual; 2 .5 w /o in the calculat ions) which causes 
a s t rong var ia t ion in the slope of the cor re la t ion (see § 4 . 1 . 3 ) ; t he re fo re , in 
o rde r to in t e rp re t co r r ec t ly the exper imenta l r e s u l t s , a co r r ec t ion "was made 
to the theore t ica l curve (fig. 16) in accordance with the formula shown in 
§ 4 . 1 . 3 ; 
- in the case of the co r re la t ion between the accumulat ion of plutonium and the 
235 depletion of U (fig. 17) the in te rpre ta t ion of the exper imenta l data is m o r e 
difficult, due to the s t rong influence of the voids on the slope of the co r re la t ion 
and to the impossibi l i ty of ascer ta in ing exactly the quantity of voids effectively 
p r e sen t during the life of the c o r e , in the zone where the fuel a s sembly has been 
i r r a d i a t e d . In fact we know only the quantity of voids averaged on al l the core 
and on the whole cycle; it is poss ible that the effective void conditions be 
different f rom the average ones cons idered by us ; therefore this co r re l a t ion 
can be used with good r e su l t s only when the voids his tory in the vicinity 
of the fuel a s sembly is known with a cer ta in degree of p r e c i s i o n . 
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A P P E N D I X 1 
236 Mod i f i ca t i on of the e x p e r i m e n t a l d a t a r e l a t i n g to U 
236 
The q u a n t i t y of U p r e s e n t in the fuel a f t e r i r r a d i a t i o n h a s two d i s t i n c t o r i g i n s : 
p o r 7"o A 
a) q u a n t i t y a c c u m u l a t e d du r ing i r r a d i a t i o n a s a r e s u l t of r e a c t i o n υ ( η , γ ) U 
b) r e s i d u e of the q u a n t i t y i n i t i a l l y p r e s e n t . 
This l a t t e r p a r t can be e a s i l y c a l c u l a t e d by m e a n s of the p r o c e d u r e h e r e d e s c r i b e d , 
236 c 235 
when the i n i t i a l q u a n t i t y of U and the d e p l e t i o n of U a r e k n o w n . L e t us c a l l : 
2 3 5 . , 3N N_(o) = i n i t i a l q u a n t i t y of U ( a t / c m ) 
5 
/ Ν 2 3 6 . , 3 , Ν . (o ) = i n i t i a l q u a n t i t y of U ( a t / c m ) 6 
235 3 
Ν = r e s i d u e of U a f t e r i r r a d i a t i o n ( a t / c m ) 
5 
2 3 £> 3 
N , = r e s i d u e of i n i t i a l U a f t e r i r r a d i a t i o n ( a t / c m ) 
6 
N 5 ( o ) " N 5 235 D^ = ^τ ι > : d e p l e t i o n of U 5 N_(o) * 
V 0 ) " N6 236 
D 6 = Ν (o) : d e P l e t i o n o f U 
235 236 
The d i f f e r e n t i a l e q u a t i o n s tha t e x p r e s s the d e p l e t i o n of the i n i t i a l U and U 
a r e : 
dN 
-T-rr- = - O N_ 
d I a5 5 
d N , 
σ , Ν, d l a 6 6 
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On the assumpt ion that the average absorpt ion c r o s s - s e c t i o n s a re constant , 
the following express ions a r e obtained by integrat ion: 
N5 = N5(o) e a 
N 6 = N6(o) e a b 
where : 
235 
O = microscopic absorpt ion c r o s s - s e c t i o n of U (barn) 
a5 
a a 6 
235 , > 
= microscopic absorpt ion c r o s s - s e c t i o n of U (barn) 
t 2 
I = ƒ.()'(t)dt = i r rad ia t ion (n / cm ) 
O 
The two express ions can be wri t ten in the form: 
1 - D = e 
5 
1 - D = e o 
from which it follows: 
(1 - D6) . (1 - D5) 
0 L 
a6 
Ö r 
a5 
which enable us to calculate D and therefore the res idue of the ini t ial quantity 
, 236 235 of U, from the depletion of U; it should be noticed that, in gene ra l , D is 6 
very smal l (D = 0 . 0 5 - 0 . 1 0 ) . b 
23 6 Genera l ly , the init ial quantity of U is not known; it can be obtained with 
236 23 8 sufficient prec is ion by plotting the exper imenta l values of U / U v e r s u s D , 5 
and fitting to these points a s t ra ight line; the in te rsec t ion point of this co r re la t ion 
236 with the ordinate axis r ep re sen t s the initial content of U. 
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Fig . 1 - U accumulation versus 2 3 5 U depletion (zircaloy cladding; 
reactivity control by soluble poison) 
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F i g . 2 - 2 3 6 T J a c c u m u l a t i o n / 2 3 5 U depletion ra t io for different l a t t i ces and 
different reactivity control method« (Z i rca loy cladding) . 
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F i g . 3 - U a c c u m u l a t i o n / U d e p l e t i o n r a t i o for' d i f f e r e n t l a t t i c e s and 
d i f f e r e n t r e a c t i v i t y c o n t r o l m e t h o d s ( Z i r c a l o y c l a d d i n g ) . 
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F ig . 5 - 2 3 O T J / " 3 U ra t io v e r s u s 2 3 6 T J accumula t ion (Zi rca loy cladding; reac t iv i ty cont ro l by soluble poison) 
0 . 6 
0 .4 
0.2 
2 3 6u/ 2 3 5u 
(wei ght ratio) 
• κ — ■ 
^ + + ^ 
^ -
-K 
2 3 6 u / 2 3 8 u 
(w/o) 
I 
CO co 
I 
0 0.1 0 .2 0 .3 0 .4 
F ig . 6 ­ ¿^°\]/¿:i-'U r a t io v e r s u s 2 3 6 T J accumula t ion ; compar i son with exper imen ta l r e s u l t s f rom Tr ino Reac to r (fuel 
en r ichment 3 .13 w/o) 
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Fig . 7 2 36 
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accumulat ion v e r s u s -"U deplet ion (Zi rca loy cladding; reac t iv i ty cont ro l by soluble poison) . 
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poison in the moder, 
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1 2 3 4 
Fig. 8 - U accumulat ion/ 2 3 5 U depletion ratio for different latt ices and 
different reactivity rontrol methods (Zircaloy cladding). 
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Fig. 9 ­ 2 3 "U accumulation/2 3*u depletion ratio; comparison with experi­
mental results from Trine and Yankee Rowe reactors . 
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0 0 .2 0 .4 0 .6 
Fig. 10 - Pu/U ratio versus 235TJ depletion (Zircaloy cladding); comparison 
between different reactivity control methods. 
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0. 5 
O 0.2 0 .4 0 .6 
Fig . 11 - Pu /U ra t io v e r s u s 2 3 5 U deplet ion (Zi rca loy cladding); compar i son 
between different reac t iv i ty control me thods . 
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0 0 .2 0 .4 0 .6 
Fig. 12 - Pu/U ratio versus ^Ó^\J depletion (Zircaloy cladding); comparison 
between different reactivity control methods. 
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F i g . 13 - Pu /U to 2 3 5 U deplet ion ra t io for different l a t t i ces and different 
reac t iv i ty control methods (Z i rca loy cladding). 
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Fig . 14 - Pu/U to 2 3 5 u depletion ratio for different latt ices and different 
reactivity control methods (Zircaloy cladding). 
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F ig . 15 - P u / U to U deplet ion ra t io ; compar i son with exper imenta l 
r e su l t s from Tr ino and Yankee Rowe r e a c t o r s . 
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Fig. 16 - U accumulation versus 235TJ depletion (BWR reactors); compa­
rison with experimental resul t s . 
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Fig. 17 - Pu/U ratio versus U depletion (BWR reactors); comparison 
with experimental resul ts . 
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Fig. 18 - Pu/U versus 2 4 2 P u / 2 4 ü P u for different lattices and different reactivity control methods (Zircaloy cladding), 
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Fig. 19 - Pu/U versus 2 4 2 P u / °Pu; comparison with experimental results from Trino reactor.(fuel enrichment 3.13 w/o) 
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Fig. 20 - Pu/U versus P u / 2 3 ^ p u for different lattices and different reactivity control methods (Zircaloy cladding). 
1.5 
1 
0 . 5 
0 
Pii/TT 
(w/o) 
+// 
+,+ ' 
ν^ 
2 4 0Pu/2 3 9Pu 
(weight ratio) 
I 
in 
CO 
I 
0 m 0.2 0.4 
Fig. 21 - Pu/U versus Pu/ Pu; comparison with experimental results from Trino reactor^fuel enrichment 3.13 w/o) 
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Fig. 22 - Pu/U versus P u / 2 3 ° P u for different lattices and different reactivity control methods (Zircaloy cladding). 
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Fig. 24 - Pu/U versus Pu / ^Pu for different lattices and different reactivity control methods. 
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F ig . 25 - P u / Pu v e r s u s P u / Pu for different l a t t i ces and different r eac t iv i ty cont ro l me thods . 
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